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ABSTRACT: We perform a detailed study of bosonic type IIA string theory in a large light-
cone momentum / near plane wave limit of AdS, x CP3. In order to attain this we derive
the Hamiltonian up to cubic and quartic order in number of fields and calculate the energies
for string excitations in a RxS?xS? subspace. The computation for the string energies is
performed for arbitrary length excitations utilizing an unitary transformation which allows
us to remove the cubic terms in the Hamiltonian. We then rewrite a recent set of proposed
all loop Bethe equations in a light-cone language and compare their predictions with the
obtained string energies. We find perfect agreement.
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1. Introduction

It has been a long standing belief that the low energy dynamics of multiple M2 branes in
M-theory can effectively be described by a three dimensional gauge theory [l. Recently, a
precise duality was suggested by Aharony, Bergman, Jafferis and Maldacena [ff] where they
proposed a new exciting AdS/CFT correspondence relating M-theory on AdSyxS”/Zj
with three dimensional A" = 6, SU(N) x SU(N) Chern Simons theory.!

Combining the level k of the Chern Simons theory with the rank N of the gauge group,
one can introduce a 't Hooft coupling as A = N/k. For small values of the coupling, it was
shown in [ that the SU(4) R symmetry sector of the gauge theory [J| can be mapped to

'For a nice review, see [E]



an integrable spin chain. Taking A to be large, M-theory on AdS,;xS"/Z;, can effectively be
described by a type I1A string theory on AdSy x CP3 [B] which leaves us with a new weak
/ strong coupling duality between a boundary gauge theory and a ten dimensional string
theory (AdS,/CFTs). Since a lot is known from the original AdS5/CFTy correspondence,
there has been a remarkable progress in understanding both the gauge theory and the
string theory side of the AdS,/CFTs duality [, [d, [], [, [4-[4. BT, L8, L7, B3, (3]

Even though the rapid developments, there are still a lot of things to be learned. Most
pressing is the question about quantum integrability on both sides of the correspondence.
On the gauge theory side, integrability has been demonstrated to hold at leading order in
perturbation theory [§], while the dual string theory is integrable at the classical level? [§, .

Although the quantum regime of the string theory has been probed by various string
configurations in [Id, (1], P4, [g, [7, [[9, B1]}, it is nevertheless safe to say that string quantum
integrability remains largely unknown.

In the present paper we hope to shed some light on the question of quantum string
integrability by performing a detailed study of the bosonic string in a near plane wave
limit. For similar limits in the AdS5/CFT, duality, see B, B4, B and references therein.

Some aspects of the bosonic near plane wave AdS; x CP3 string have been extracted
in where the authors calculated energy corrections for string states in a SU(2)xSU(2)
subsector using second order perturbation theory and (-function regularization. These
energies were compared perturbatively with the predictions from a set of conjectured all
loop Bethe equations [[4]. Even though a nice result, we feel there is a need to make an
even more careful analysis than done in [BJ]. Most pressing is the question about factorized
scattering which is a crucial ingredient for any integrable field theory. While [B{] found
agreement with the Bethe equations in [[4], it was only established for operators built out
of two oscillators. A stronger test of integrability would be to calculate the energy shifts
for an arbitrary number of oscillators which would allow for precise statements about the
factorization properties of the excitations to be made.

We also feel there is need for a deeper understanding of the string Lagrangian and
Hamiltonian. As was noticed in [B{], a novel feature of the type ITA AdSy x CPj3 string is
that it exhibits cubic interactions. We show that these can be analyzed through a set of
successive canonical transformations. This allows us to reformulate the cubic interactions
in terms of additional quartic terms with the advantage that first order perturbation theory
can be applied for calculating string energies. This is important since it gives a finite answer
when calculating the energies and we do not have to use any (-function regularization
schemes. It is also important since second order perturbation theory includes summations
over intermediate states and it is not immediately clear why one can ignore fermionic
contributions as done in [B(].

We will perform our investigations in a uniform light-cone gauge [BIl, BJ which gives a
very convenient expansion scheme for the near plane wave limit. The gauge also allow us
to rewrite the all loop Bethe equations [[[4] in a compact set of uniform light-cone gauge

20r, to be precise, the dual string theory formulated as a coset model on OSP(2,2|6)/SO(1,3) x U(3)
with 24 fermions is classically integrable [E} Classical integrability for the full type IIA model with 32
fermions remains to be proved. We thank the authors in [ for valuable comments regarding this point.



Bethe equations (ULCB). The simple form of the ULCB equations allows for an analytical
comparison with the results obtained from the string Hamiltonian.

The paper is organized as follows; In section two we discuss some general properties
of the string Lagrangian and its Hamiltonian. We then introduce light-cone coordinates
zt = %((b +t), where t is a global time coordinate and ¢ is an angle in CP3, and impose
the uniform light cone gauge x+ = 7 together with Py constant (where P, is the conjugate
momenta of ) [BI, BJ. The near plane wave limit is equivalent to a large P, limit,
and following [BJ], we expand the string Hamiltonian up to quartic order in fields. The
section is concluded by showing that the point particle dynamics are fully captured by the
quadratic Hamiltonian.

In section three we perform a perturbative quantization and calculate the energy shifts
for arbitrary numbers of operators in the SU(2)xSU(2) subsector of the theory. This
subsector describes strings within a R x S? x S? subspace of the AdS, x CIP3 background.
To calculate the energy shifts we remove the cubic terms in the Hamiltonian through a
unitary transformation.

In section four we rewrite the proposed all loop Bethe equations of [[4] in a uniform
light-cone basis [B4]. We solve the ULCB equations analytically for the SU(2)x SU(2) sector
and find perfect agreement with the energies obtained from the string theory computation.

We end the paper with a brief discussion and outlook together with several appendices.

2. Bosonic type ITA string on AdS; X CIP;

The main interest of this paper is to perform a detailed study of the bosonic string prop-
agating on an AdS; x CIP3 background. The natural starting point will be the string
Lagrangian,

1 =
L = -3 \/Xyaﬁ Gun Oy 2M 03 :EN, (2.1)

where 7% is the Weyl invariant worldsheet metric, with det v = —1. Throughout the paper
we will use Greek / Latin indices for worldsheet / space-time quantities. As done in [R(],
we define a modified 't Hooft coupling, A, given by

X =2m2 ), (2.2)

to emphasize the close resemblance to the AdSs/C FTy case. The string length, o, is chosen
to take values between [0, 27].
The space-time metric, Gpsn, is defined through

ds* = ds%yg, + 4dsgp,, (2.3)

where we use the coordinates [, B

2
dwdw;  dw;w;w;dw; 14 Z2\?2 1
d82 — 7 v JHIH* Z7 d82 :_< 4> dt2_’_7d227 2.4
cp3 1 + |(U|2 (1 + |(U|2)2 AdSy 1 _ % (1 . %)2 a ( )



with complex w;, and 14,7j,a,b € {1,2,3}. Furthermore, the complex coordinates are pa-
rameterized as [§,
ws= (1= 1), wp = —=rped®, wy = —redd, (2.5)
V2 V2
with real y and complex r1, 7. The two complex coordinates parameterize the two S? in
CP3. Later, we will study excitations within this subspace.

Using (.5) gives

~ ds? . 2 o L (=)' +5(0-y)7 rt (7 r)?
oy = —-—— 1_ - . _ 2‘
5 ds¢ps 1+|w|2{d¢ (( Y) —|—87‘ T e (2.6)
-2\ 1, 1 7y 1 dF - 747 - dr
dy? 1_(7 —dFgdry (6 — = — )+ ~dy(1—y) ——————
+ay ( 1+‘w’2>+2 T Tt( t 2 1+’w‘2 +2 y( y) 1+‘w’2

1-y)? 1 7-r

+£d¢(dr'r—r'dr)<l—2 - = >}

1+ [w? 214w}

After imposing a suitable gauge, this will be the coordinates we expand the Lagrangian (R.1)
in.
As is normally done, we will also combine ¢ and ¢ into a light-cone pair as

xi:%wiw. (2.7)

+

The theory is invariant under global shifts in the two = coordinates, where the associated

conserved Noether charges are
PL=4+A+J, (2.8)

with

1 2w 1 2w

A= do py, J do pg. (2.9)

“om Jy " 27 J,

Here A measures the space-time energy with respect to the AdS time ¢ and J denotes
the conserved angular momentum for the angular coordinate ¢. Note that the transverse
coordinates 71,19, z, and y are not charged under neither A or J.

2.1 Hamiltonian dynamics

For the upcoming analysis, it is very convenient to rewrite (2.]]) in first order form,
L =puiM —H. (2.10)

Due to the two dimensional diffeomorphic invariance on the worldsheet, the Hamiltonian
is just a sum of constraints [BY]

01

H (pppnGMY + Xx'Mx'NGMN) ~om ™ pyr, (2.11)

1
:W



where the prime denotes derivatives with respect to the length parameter of the string.
The equation of motion for the worldsheet metric gives

Cr: pupnGMN £ XM NGy =0, Co: 2™ py =0. (2.12)

The first constraint, C7, will be solved perturbatively for the light-cone Hamiltonian and
solving the second constraint, C5, allow us to express '~ in terms of transverse fields.
Integrating this equation gives the level matching condition which should be imposed on
physical states.

However, before solving the constraints, we need to impose a suitable gauge. In this
paper we will employ a uniform light-cone gauge [BI], BZ,

rt =7, P, = Constant. (2.13)
In this gauge,® (R.1() becomes
L =P_+puz", (2.14)
where m labels the transverse coordinates. Thus, the light-cone Hamiltonian is given by?
Hpo=-P.=A—. (2.15)
Using (R.13) we will solve this equation perturbatively for P_.

2.2 Large P, expansion
We will do a perturbative study in a near plane wave limit defined by [B1]
Py =00, A~ P2 (2.16)

together with the following rescalings of the transverse coordinates

| Py M |2 T 4
P, — P, — = — 2.1
M = 5 M T = P+33 , A P_|2_’ ( 7)

where we have defined the effective coupling N which remains finite in the large Py limit.
This is similar but not identical to the effective coupling N = \/J?, which is kept fix in
the usual large J limit [B7].

As was discussed in [BJ], the expansion scheme above is equivalent to an expansion in
number of fields. Thus, (B:15) has an expansion as®

Ho=THy+Hs+Hi+ (2.18)

30ne consequence of this gauge is that the string length r goes like r ~ P+/\/§. Depending on the
scalings of the coupling and the light-cone momenta, the string length may or may not be finite @] For
the problem at hand however, we can rescale o so that it takes values between [0, 27].

4We will suppress the LC subscript in the subsequent discussion.

SHz ~ O(P;"/?) and Ha ~ O(P;Y).



where the subscript denotes the number of fields in each expansion term. The presence of
a cubic interaction term is a novel feature compared to the well known AdS;xS® case [B(].
Expanding the first constraint in (2.19) to quadratic order, gives

1 1 ~
Hy = 3 <p§ +p2 P2yt 2+ me + N (Y + 22+ xf)), (2.19)

where we have expressed r; and r9 in terms of four real coordinates x;, with i € {1,2,3,4}.
As was first observed in [[[], [Q], one of the CP3 coordinates, y, combines on the same
mass level as the AdS, coordinates ;. This seem to occur only at the quadratic level and
we will see later that the higher order terms in the Hamiltonian separates ¢ from the other
AdS, coordinates.b

The next to leading order term in (R.1§) only has dependence on the CPj3 fields and
is given by’

1 ~ ~
Hy = —— (x?+4y2_4 N\ €T; x;.’—i—S N y/2—|—4(1'2 p1—x p2+x4p3—x3p4) (2'20)

INCYR
1

The quartic Hamiltonian is quite complicated and to simplify the notation, we split it up
into three separate parts

Hy = 95 4 958 /OPs Py (2.21)

The pure AdS, part is simply

)\/
HM5 = oo (21 + 25 + 23) (2 + 28 + 28) (2.22)
+
and the term with both AdS4 and CIP3 dependence is given by

1 [+ 1 1
RSP = {X <z§(m§2+y/2)—z;2<y2+1:v?>> +24(; +1}) —p§<y2+1:v?>}- (2:23)
+

The more complicated CP3 contribution is
1
HOPs = ﬁ{él 2y —(23)?+24y* +20 27 p? +12(af p3+a3 p}+23 pi +23 p3) (2.24)
+4((2f + 23) (3 + pi) + (@3 + 2D) (0] + p3)) + 47 P, + 48y% b))
+16y* (z2p1 — w1 P2 + 243 — x3pa) + 16((2 31 24 — T2 23)p1 pa + (22 23 — 21 T4)P2 P3
+(229 4 + 1 23)p2 pa + (231 T3 + T2 T4)p1 3 + T1 TaP1 P2 + T3 T4 P3Pa) + 64y py x5 ps
—aX (2((a} + ) (@ + 2) + (e} + 2} @F + D)) + Baaf — Syy wia]

SHowever, it could be that this combination of coordinates occurs again if one identify a proper canon-
ical transformation to push the cubic interactions up to quartic order. This transformation is somewhat
complicated to find due to the presence of derivative terms in Ha and Hs.

"We have simplified the expression using that up to a total derivative, 4\(y’ z; # +y (z')%) = —4\y z; z.



+4((:172 r3—x1 24)(7h T — ) o))+ (21 B3+ 22 14) (2] T+ 24 xﬁl)) —I—JE? Y2 —12? y'2)}.

A nice thing with the coordinates we use is that the Hamiltonian does not have any =~
dependence. At the order we are interested in, this coordinate simply drops out of the
equations. Therefore, the only effect of the Cy constraint in (R.12) is the level matching

condition. Nevertheless, as can be seen, the Hamiltonian (R.1§) is still considerably more
complicated than the AdSsx S° one in [B3).

2.3 Point particle limit

Before we proceed with a detailed study of the Hamiltonian we need to resolve one issue.
We expect that the point particle dynamics should be fully governed by the quadratic

Hamiltonian. However, upon taking the point particle limit, o — 0, of (R.1§) we see that
there are both cubic and quartic non derivative terms that survives. We denote these H3
and ‘H} and their explicit form can be found in (A1) and (A22).

These terms can be removed by performing successive canonical transformations on
the Hamiltonian (R.1§). We start by recalling how a generating functional V (z,p) acts on
a general phase space function f(z,p)

f(z,p) = (2.25)

F(,0) + V() S )b + 5 AV o), (V(@0), S (@)oo +

The generating functional we are about to construct will be perturbative in P, ,
V =Vs+ Vg, (2.26)

where V3 is of order P;l/ % and Vy is of order P;l. The leading order part, V3, is constructed
so that it removes the cubic terms. Thus, V3, has the property

Vs, H3}p.p = —HS + O(PT),

where the full expression for V3 can be found in (A.4). At order PJ:I, this term will induce
additional quartic terms through

1 _
OPY): Hia = Ve Hbps + 5 (Vs (Vs MYt ps + OPT?) - (2.27)
1 _
= 5 (s, H3hps + O(P7?).

This additional term is simpler than HJ in (A-3), but nevertheless quite involved, see (A3).
We construct the next to leading order term in (R.26]) so that it remove the original
and additional quartic parts of the Hamiltonian,

1
{Va, Hotpp = ~3 {Vs3, Ho} — HY. (2.28)

The explicit expression for V; can be found in the appendix, equation (A.6).



With this we have constructed a generating functional V' with the desired property
{(V,HY pp = —HY — H) + O(P*?). (2.29)

It is important to note that this does not imply that we can neglect the non derivative
terms for the case of non-zero o. The generating functional becomes significantly more
complicated since it involves non-local effects through terms like

My My | 6(0,X) My
5X T oX T 6X 8(0,X)

It is still plausible though that one can remove all the non derivative terms through a non
local canonical transformation which will add additional derivative quartic terms. However,
for the problem at hand this will not be necessary.

3. Field expansion, unitary transformations and energy shifts

We now have the full Hamiltonian to quartic order and are in position to investigate the
detailed consequences of it. One of the aims with the present work is to do a perturbative
calculation of the energy shift in closed subsectors of the theory. To do that we will
follow the well known procedure of expanding the coordinates in Fourier modes, promoting
oscillators to operators through the quantization process and calculating the energy shifts
in perturbation theory. Except for the novel presence of cubic terms, and the complication
arising from that, the section that follows will share many similarities with [B2].

3.1 Field expansions and quantization

We start with expanding the coordinates in fourier modes,

. 1
Za:izk:e_lka\/m(é%k éa_k , pa—z _’k"\/ zak+za_k (3.1)
) i 1 _ | Wi
xi:zZe Zkam(%‘,k— _k , Ze tho xlk—i-acT k),
zZe —_— yk—y k Ze_ma\/ yk+yT )

where the frequencies are given by

n -~ ‘—
W = Z + N k2, Qp=\V1I+XN k2. (32)

The Fourier coefficients are promoted to operators through usual commutation relations,

a2 = 0t Oty ikl )] = 05 Okty [y ] = O (3.3)

Using the mode expansions (B.])), the free Hamiltonian becomes

Ho = Z <wk :Ejk ik + Qg (y,TC Yk + élk 2a,k)), (3.4)
k



and the second constraint in (R.19) equals

V= Z k (%T,k Tik + y;t Yk + 22,@ Zak)s (3.5)
k

where physical states has to satisfy V |Phys) = 0.

3.2 Removing cubic terms

There are several ways to obtain the energy shifts of physical states [B, B3, BJ]. The most
straightforward way is to calculate them using perturbation theory. Since we have the cu-
bic interactions, it seems that we have to resort to second order perturbation theory. This
would complicate things quite drastically. Not only would the calculation be more involved,
but we would have to sum over intermediate, zeroth order, eigenstates. In principle this
should also include the fermionic eigenstates, which we do not include in this analysis.®
However, armed with the experience from the previous section, we could try to transform
the cubic part away and then calculate energy shifts using only first order perturbation
theory. Since we are now including stringy effects, performing a canonical transformation
directly on the coordinates is quite complicated. Instead we will construct the equiva-
lent transformation on the level of oscillators.” The oscillator picture is simpler since a
coordinate and its derivative is, up to a mode number dependent factor, almost the same.

Performing the transformation on the quantum level, the construction of V' is such that
eV He ™V = —Hz + O(PY). (3.6)

V' is cubic in oscillators and has a general form
V=Vt 4+ VT 4 he, (3.7)

where the superscript denotes the number of creation and annihilation operators. The
explicit construction of V in terms of components of Hg is straightforward. We start by
writing Hz = Gt + G~ + h.c, with

Gt =N g xPexPt xhe gttt = NT g xPr X xe (3.8)

a,b,c;k,l,m a,b,c;k,l,m
k,l,m k,l,m
a,b,c a,b,c

where a,b, c and k, [, m are space-time / mode number indices and the set a, b, ¢ can denote
any kind of oscillator, Z,x or y. The components of V' can now directly be constructed

from (B.§) B7.

+++

G
V+++ — a,b,c;k,l,m XTva XTvb XT707 3.9
lg;n Wa,k + wb,l + Wc,m K ! " ( )

a,b,c

8Nevertheless, it seems to work when restricting to closed subsectors, see [E]
9This section closely follow the construction outlined in [@]



G e
+4+—- _ - a,0,C3R,t,m Tva T7b c
V=i Lm__ xhe x i xe,
Elm Wa kT Wb — Wem
b

a,o,c

where w, ), is either wy, or Q) depending on the index a. The explicit form of V**+ and

V*++~ is presented in (A.7) and (R.).
With (B.9) we have by construction that

ilV, Ha] = —Hs, (3.10)

and as in the point particle analysis, this transformation will induce additional quartic
terms through

. 1 :
OPY) s Haga =ilV.Hs] = S{V2 Ha} + VHaV = %[V, Ha]. (3.11)

We do not try to add any additional higher order terms to V' to simplify the quartic terms.
Adding counter terms is quite simple when dealing with transformations on the level of
the coordinates, but doing it with oscillators complicates things. This does not really mat-
ter anyway since the cubic terms in the Hamiltonian (R.1§) do contribute to the physical
spectrum. While we might be able to simplify things, we can not expect to remove these
terms completely.

Before we end this section, let us make some comments on the normal ordering of
the Hamiltonian. We can probably take the original cubic and quartic Hamiltonian to be
normal ordered [B(]. However, this implies that the quartic additional contribution, coming
from the unitary transformation, will be subject to normal ordering ambiguities. Basically
we will get a quadratic normal ordering contribution of the form Cq 4 m.n X;ga Xt

For the energy shift we will calculate, these terms can be shown to vanish upon (
-function regularization. This is a consequence of the fact that when we evaluate a specific
matrix element, the term above will always leave a sum over at least one internal index.
Very schematically we will have something as, . ék, where 5k is a function of mode
numbers and the coupling N. Performing a perturbative expansion in the coupling gives
an expansion in positive powers of mode numbers. Each term in this expansion can be
shown to vanish due to the ¢ -function identity [BY]

> (m+a) =0,
meE”Z

where « is a constant and s > 0.

3.3 Energy shifts for SU(2) x SU(2) states

Having removed the quartic terms, we can resort to first order perturbation theory to
calculate the energy shifts from the Hamiltonian (R.1§). Due to the complexity, we will
focus on a subsector R x S? x S?, which is spanned by the transverse coordinates ;.
To make the U(1) charges of each S? manifest, we do a complex redefinition of the w;

oscillators as follows,

Tk = % (216 + Z1,k) Tok = % (Zie — 21,k) (3.12)

— 10 —



20k | Zuk | 22k | 22k
U | 1 1] 0| o
U | o 0 1 | -1

Table 1: Charge table for complex oscillators

T :>i(z —i—?) T ji('zv — 2 )
3.k NG 2.k 2.k)s 4.k NG 2.k 2k )

The upshot of this transformation is that each oscillator is distinctly charged under the
U(1)’s, as can be seen in table [. For the gauge theory Bethe equations, the sector we
want to match with the string theory predictions consist of the operators A; and Bj,
transforming under the (1/2,0) and (0,1/2) of SU(2)xSU(2) [{f]. The string states that
correspond to these operators are the oscillators {zj x,22x}. Thus, the states we will
calculate the energy shifts for are

Imag, .. my g, ) =21 A F . E o), (3.13)

- “lmp v zl,ml 2,y "t 72m

for arbitrary numbers of oscillators M and N. For simplicity we will consider distinct mode
numbers only. The explicit calculation for the energy shifts of the above states is straight-
forward but somewhat tedious. To make the calculation easier to follow, we will focus on
the original quartic Hamiltonian (R.24) and the additional quartic contribution (B.11) sep-
arately.

The contributing part for the original quartic Hamiltonian is given by putting all AdSy
excitations and the y excitation to zero and performing the limit (B.13). Using (B.1), we
find that

Aty g ma, . my (HSP) [mag, .o oma, g, o ) = (3.14)
1 f:f: (m; — ﬁj)2 N+ 2w, W,
4P+ me‘wﬁj

i=1 j=1

1 {N 145 (R + 7)° N — 4(w2, + wn, wa, +w2)

Z wm Wﬁj

M1+ 5 (mi +my)2N — 4(w,, + Wi, Win, + W) }

Whn; W

For the additional terms coming from the unitary transformation (B.11]), the calculation is
a bit more involved. Using (B.2) and (B.J) in the appendix, gives

<ﬁ1,...,ﬁNm1,...,mM‘(HAdd) ’mM7"'7m17ﬁ]\77"'7ﬁ1> = (315)
_NM 1 i\’: 02 i n; + 4wn,; wi, +§:Q$ni+mj 4w wm, |
2Py 16 P4 ¥ Wi, W i Wm; Wm;
i#j i#]

— 11 —



By adding these two terms together we obtain that the energy shift for the SU(2)xSU(2)
sector is given by

= M N
- )\ +2 m; Wn;
Apsuzxsuz _ VM 1 {ZZ "J Wi Wn J} (3.16)

2P+ 4P+ =1 j=1 wnj
1 imgﬂ —4(1+wi, +wi) +§:6§23n+m —4(1+wp, +wm)
16P+ Wh; Wi, — Wm; Wm; '
) J (2] J
i i#j

This is one of the main results of this paper. For two excitations, and in a different
coordinate system, the corresponding energy shift were calculated in [B(Q]. The result we
obtain here holds for general number of impurities and is of a much simpler structural
form. The simplicity is a consequence of the uniform light-cone gauge. This gauge choice
also exhibit similar simplifications in the AdSsx S° case [B3).

In the next section we will show that the energy shift (B.1€) is exactly reproduced by
the Bethe equations of [[[4] in a light-cone basis.

4. Large P, expansion of the all loop asymptotic Bethe equations

As has been known a long time, the dilatation operator of N'= 4 SYM can be mapped to
a spin chain Hamiltonian [i(, P4, P4, E2, [1]]. This line of research, initiated by Minahan
and Zarembo in [[i]], led to an enormous progress in understanding the exact spectrum of
operators on both sides of the AdS5/CFT, correspondence. Astoundingly, it seems that
much of what has been learned in the original duality can be repeated for the AdS,/CFT;
correspondence. For example, to leading order the dilatation operator of the Chern Simons
theory was demonstrated to be equivalent to a SU(4) spin chain Hamiltonian [[j. Soon
after, this was followed by an all loop proposal in [[4].

In the section below we will match the energy shifts obtained from diagonalization of
the string Hamiltonian with predictions from the all loop Bethe equations of [I4] written
in a light-cone basis.

4.1 Light-cone Bethe equations

We start by writing down the all loop Bethe equations [[4] for the reduced SU(2)xSU(2)
sector

e\ ¥ 3
<$_ > = I S®x.p)) H o(prsps) [[ oors 05) (4.1)
: j:l

(Px) oy’
)\ T a o
<3§'_( )> = H q]chj H qk7p] H qupj
Uk k#j Jj=1 Jj=1

where the S-matrix is given by

S(pr,pj) = (4.2)

— 12 —



with

1

The rapidities, pg and g, has to satisfy the momentum constraint

M N
e+ g =0 (4.4)
i=1 j=1

At leading order, the function h()) interpolates between A for small values of the 't Hooft
coupling and /A/2 for large values [}, [[J]. The variables 2* and ® are related through

wi+%:$<<bi%). (4.5)

For the dressing phase, we will only need the leading order part [[4] which can be written
in terms of conserved charges as

‘ 0 h(/\)2 r+2

o) =ew 02 S (M) (@) @raa(0) — Quaa) @) . (10)
r=0

where the charges Q,(py) are given by

r—1
ZSID \/ +4h Sln2&—%
(pp) = . 4.
Qr(pr) r— 1 < h()\)2 sin BE (4.7)

The light-cone energy can be expressed through the dispersion relation

A—J= Z(\/ + 4 h( )sm >+Z<\/ + 4 h( )Slﬁ%—%). (4.8)

The numbers M and N figuring above is the total number of excitations in each SU(2), or

equivalently, the number of 21 ;, and 23, oscillators. The letter L in (E)) is the length of
the spin chain and it can be expressed through the angular momentum J and the excitation
numbers as [B4]

1 _

L:J+§(M+N). (4.9)
Somewhat surprisingly (f.1]) is very similar to the corresponding set of equations in the
AdS5x S° case [R4]. The only difference lies in the form of the interpolating function h(\)
(which is constant in the AdSs case) and the phase factor. The phase factors in the two
correspondences are related through [[[4]

o (P Pj) Adss = 02Dk, Dj)CPy- (4.10)
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The Bethe equations (1)) are as they stand not very convenient for a large P, expansion
since they are perturbative in both Py and A (or \). We can put it in a form more
appropriate if we rewrite the spin chain length, L, as

PN
82’

where we also expressed the original 't Hooft coupling in terms of the effective coupling
defined in (2.17). Expressing L through the above and (1.9), together with the identity [P4]

D(pi) — (py) +i _ at (o) — 2 (py) 1 (@) ()"

q)(pk) — q)(pj) —1 ZE—(pk) - $+(pj) 1-— (x_(pk) a:+(pj))_17

we rewrite ([L.1) as

2 () \ 2PNt )\ TE P T et (o) — 2 ()
(=o5) - (58) 1l === i

p‘))—l M N
2 ] otpe.pi) [ otora).
) j=1 j=1

At first glance this does not seem like a very useful reformulation of the original equations.
However, using the ansatz

p p q0 ql'
Pk k J J

, . + , 4.13
Dk P P2 9 P P2 ( )

it was shown in [B4] that

P K - -1 K
<$i_(pk)> P H 1-— (x+(pk)$ (pj))_ HO_2(pk’pj) _ 1—|—O(P_;3). (4.14)

oK) 1= (e at(y)

Since this is almost what appears in (f.19), we can eliminate the dependence on the scat-
tering phase. Therefore, to order P;z, we have

<$+<pk>>%<P++M+N> M 2t (o) — 2 (p))

= (o0) =11 (415)

-2~ (pr) — 2 (py)

k#j
1= (e e~ () "\ F (1 (@ o) 2 (g) "
<1 — (x_(pk)fo(pj))_l) jljl <1 — (a:—(pk)er(q]))_l)
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1

[N

£
(1= (2% (qr) z (Qj))_l M1 (e (k) 2 (py)) -3
<1 — (a~ (Qk)$+(Qj))_l> H <1 - (!E_(Qk)$+(pj))_l> '

What we gained from this is that for each order of P, these equations can be solved non
perturbatively for X. This was a feature which also was observed for the AdS5/CFTj case
in [B4.

In the next section we will show that the energy shifts derived from the set of equations

above exactly match the energies derived from the Hamiltonian (PR.1§).

4.2 Large P, expansion

Using the ansatz for the momentum ([£13), we can expand (f.17), which at leading or-
der gives

Py = 4dmmy, q? =47 ny, (4.16)

where my, and n; takes values in the set of string mode numbers. For the next terms, p}C

and qjl-7 we get more complicated expression!”

M
pL = —27T(M—|—]\7)mk—i—167rmk{z
pori

m](l + Wk + wj)
mj(l + 2wk) — mk(l + QWj)

(4.17)
N7 N N7
mj(my —mj) A Z nj(my — nj) A
(142w ) (14 2w;) —dmymj N 1+2wk)(1+2wj) AmgiX |

M

+
7=1

j=1
N
q = —27T(M+N)nk+16ﬂ'nk{z
o

ﬁ](l + wi + wj)
ﬁj(l + 2wk) - ’FLk(l + 2wj)

+§: (7, —n])X’ B m; (T —mj)X’
1—|—2wk 1—|—2w]) 4ﬁkﬁj)\/ j=1 (1+2wk)(1+2wj)—4ﬁkmj)\’

M

J=1

We want to use the solutions for 10,1g and qjl- in the expression for the light-cone energy. To
achieve this we expand A — J in ({.9)

M 1 1 mept N
A—J= _ - — MR 4.18
kZ_l< 2+Wk+P+ 47ka> (1.18)

P_|_ 47TWk

1 fgl N .
+Z<——+wk T >+0( P72,

and using the solutions for the rapidities gives the light-cone energy. This expression, which
is presented in ([C.1)), is quite complicated and does not immediately resemble the solutions

10We now simplify the notation using Wm,, = wi. Which type of SU(2) excitation the indices takes values
from should be clear from the context.
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~

obtained from the string Hamiltonian in (B.1¢). However, imposing the level matching
constraint, together with some algebra, shows that the energy shifts obtained from the
Bethe equations equal

N T M N — 2~/
N M 1 (mij —1)° N + 2w, wa,
su2xXsu2 __ § :E : J i

1 iv: 6Q%¢+ﬁj _4(1+w%i+w%j) +§: 692mi+mj _4(1+w72m+w72nj) .
- Win; W,
i 7

Which is identical to the energy shift from the string computation (B.16).

5. Summary and outlook

In the present paper we have studied the near plane wave dynamics of a bosonic string
propagating in an AdSy x CP3 background. Due to the recent proposal of [f], type IIA
string theory in this background is supposedly equivalent to a three dimensional Chern
Simons theory living on the boundary of the AdS space. This conjecture shares many simi-
larities with the well studied AdSs/C F'Ty correspondence. In particular, it seems like many
of the tools based on integrability are applicable also in this new proposal. Even though
there has been a rapid progress in understanding the duality, nevertheless, it is safe to say
that the integrable structures of the AdS,/CFTj correspondence still remains conjectural.

In the present paper we have added support for integrability in AdS4 x CIP3 by per-
forming a direct comparison between string energies and predictions from a set of rewritten
all loop Bethe equations (ULCB) [I4, B4

We started out with a detailed analysis of the cubic and quartic string Hamiltonian and
its point particle dynamics. We removed the cubic terms with an unitary transformation
and extracted the energy shifts for a certain subsector of the theory using first order
perturbation theory.

We then calculated an exact all loop (in N ) expression for the energy shifts from the
ULCB equations and successfully matched these with the energies obtained from the string
computation. Since this is a result valid for an arbitrary number of string excitations, this
calculation lends support for quantum string integrability.

There are several extensions of the current work. The most pressing is to make the
model supersymmetric by adding fermions. Starting from [f], this can be done along the
lines of B]. As can be seen form the current paper, where the complications arising in
the AdS; x CIP3 background are brought to light, the addition of Fermions will be quite
an involved calculation. Nevertheless, there should be no conceptual issues other than the
ones described here, so deriving the full model should certainly be possible.

Another interesting line of research would be to investigate the role of the massive
modes. As was discussed, z, and y split up at the cubic level. However, it could be that
they recombine if one interprets the cubic interactions correctly. For example, finding a

— 16 —



suitable canonical transformation might shift the cubic part to quartic order in such a way
that y contracts with the AdS coordinates, restoring the SO(4) symmetry.
We plan to return to some of these questions in future works.
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A. Generating functionals

In this appendix we collect the various form of generating functionals and non-derivative
interaction terms that was referred to in the main bulk of the text.

A.1 Generating functional for point particle Hamiltonian

Here we present the details of finding a generating functional V' that removes the interaction
surviving the point particle limit.

Taking 0 — 0 in (R.1§) removes all derivative terms, but leaves

H3 = 4\/;T+{<$12 +4y® + 4(x2p1 — 21 p2 + Taps — T3 ps) — 4P} —8p§)y (A1)
—4wipypy,},
and
o = {6t -t (142} (A2)
2P, y 1

1
+—{4w? y? — ()2 + 24yt + 2022 p? + 12(35%1)% + a3 p? +aipd + wipg)
+
+4((x7 + 23)(p3 + 1) + (23 + 23) (0] + p3)) + 427y, + 48y°p])
+16y* (w2p1 — T1p2+Tap3s —w3ps) + 16 (2124 — w023)p1pa+ (2023 — 2124)pap3
+(2x204+x123)popa+ (201 T3+ ToT4)PLP3+T1L2P1P2+L3TAP3PL) +64ypy$ipi}-

We want to construct a perturbative generating functional V', see (R.2¢]), with the prop-
erty that

{(V,HY pp = —HY — H) + O(P*?). (A.3)

One can easily see that a leading order term of V' as

1

1
Vs = m(zﬁ + (paa1 — p1 %2 + paas — p3Ta) — Z:v? — y2> Py, (A.4)
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has the property, {V3, H3} = —H3. Since this term starts at (’)(P;l/ 2), it also induces
additional quartic terms

1
Hiaa = 3 {Vs, H3} = (A.5)

1

1 1
_F{pyy(pi$i+4pyy) +—<pz2+(p2$1 —P1%2 + PaT3 — P3T4) — —51312— 2>
+

2 4

1 1
><<p§+2p;2,+(p2$1 — p1T2 +p4$3—p3x4)—1$§—3y2> +p32,<p?+1$22>}-

To remove these and Hg, we can, after some trial and error, construct

1
Vi {pi zi(y> —p5 —pp+pa +20) + = (pyya? + 3pi 2 27 — 27 Pa Za) (A.6)

T 4P 4

—? (Paza+3pyy) —2(p2x1 — P12 +paws —psaa) (pyy+pizi) +2(pyypa — PiPaza) }
which has the desired property (.2§). With this we have managed to construct a generat-
ing functional that removes all non-derivative terms from the point particle Hamiltonian.

However, note that this does not imply that the non-derivative terms can be ignored when
o is non-zero.

A.2 Unitary transformation

For the unitary transformation that removes the cubic terms, the explicit form of (B.9) is

AR ! Z5k+l+m0{M((H—‘ﬁ’kl—i-élwz(wk—ka))yT ol ol (A.7)
16V, b T

—4i(wy — wl)yT—m (xg,_kﬂ,_l + 5171,—1@517;—1))

~-1/2 B
4M (1 — 2Nkl + QQle)yT_myT_kyT_l},

Qr+Q +Q
and
Vi = (A.8)
! (wr wi Q)12 2 -
—— Oktitmoy ————=— — Qu (wp — Toal
1P, kzz;n k+i+ ,0{ oo (((wk wp)® + Qo (wi — w1))y Ty g i

—i(wk + wi) yT—m (x;—k L1, — ﬂ,—k T2+ fEL—k L3, — fE;,—k $4J)>

—1/2 "
M(:& — 2N (KL + km + Im) + 2(Q% Q — Qp Q. — Qm)) y ol ym}

Qr +Q — Q
1 (wk wp Qm)_1/2 9 t t
_ 5 Wk @Wi3em) T~ ( 20 —
8Py zg;n FHtm0 wr +wp — Qpy ((wk i) m wl):pu—k Li—1Ym
kAl m£0

—2i(wg — wi) (x;—k x];,—l + :El,—k x;_l)ym>.
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Reality of the Hamiltonian demands,
Vit =t v = (v (A.9)

In the last line of VT~ we threw away the term where k,! and m are simultaneously zero,
since for this term the denominator wy — w; + €2, is zero. Ignoring this contribution is
allowed since the corresponding term in G+~ is zero and does not contribute.

The above unitary transformation induces additional quartic terms, see (B.I11)). All
terms that have an unequal number of creation and annihilation operators can be removed
with further canonical transformations [BZ, so the relevant additional quartic terms are

given by
%[v, M) = i([VHHH,G™ ]+ [V, Gt ]), (A.10)

where we used that the additional part has to be Hermitian.

B. Quartic Hamiltonian in oscillator expansion

In this appendix we collect various expressions for the contributing parts of the original and
the additional Hamiltonian. We start out with the original quartic contributions, which
after putting the AdS4 and the y excitations to zero, equals

1 1/2
HCP3 =~16P Z (wk Wy Wn, wn) / {22 kzlf 1 Z2m X1 (B.1)
+ klmn
k+l+m+n=0
( 4 (kL +mn)XN — 8 (km + In)N + 6 (W wy + W wn) — 2 (Wi + wp) (wn + wm)>
1 B -
5 (22 i 22 | Z2,m Zon + z;_k zi_l Z1m Z1,0) X (1—5 (k+0)(m~+n)N 42 (Wnwn +wi wy)

—3 (W wn, + Wi W) — 5 (W wi, + Wi wn)> } + non relevant terms.

The non relevant terms are combinations like ZI’_ i ZI,—I Z9,m Z2,, Which are present in the
Hamiltonian (P-1§) but nevertheless cancel among each other. From the worldsheet S-
matrix point of view, this is quite obvious since processes like Z; 71 = Z5 Z5 are not
allowed due to charge conservation, see table ([I)).

For the additional term coming from the unitary transformation, we have for the first

term, [VT++ G~~7], a contribution as
e I S R S SE VLR, B BLULE)
’ (32)2 P, o~ Qnn Wk W W Wp
k+l+m~+n=0
(W = W) = wm) (B.2)

wg +wy + Qm+n
+ non relevant terms.
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The [V*++~, G~ ~] contribution is a little bit more complicated,

, - 1 2y _k*1,-1%2,m%1,n
V- o= —k~1, 0! . _w) (B
d G 16P; k%;n VORI W Wn, e | (@ - wm) (1 = wn) - (B-3)
k+l+m+n=0
1

H(wr — wm) (Wi — wn)(Wm — Wk + Qigm) +

Wk + wm ) (W) + w
Wl_wn“‘Qk-l-m(( F m)( : n)

+H(wr — wm) (Wi + wp) (Wi — wi + Qk+m))> + Ql+n <( — wg)(wr + wp)

1
Wi — W, + Ql—l—n

(Wi — wm) (Wi — wp) (Wn — Wi + Qyn) + ((wk + wm ) (Wi + wy)

S e
(23, %1 Z2m 22 + 21 1 21 1 Z1m Z1,n)

41 /Wi Wy Wy Wp
4 (W — wi) (W + wp) + 4 (Wi — wm) (W — wp)(Wn — Wi + Qpn)
1

Wi — Wm + Qgn

o ) = ) =1+ 00) )| +

(Wi + wi) (Wi — wn) (Wn — wi + Qign) — 4 (Wk + W) (Wi + wn))

Ql—l—n :| }
+ w — wp)(wp — w + non relevant terms.
Qm—i—n (wk + Wy — Qm—i—n) ( )( " m)

Using these two expressions allows us to calculate the additional energy shift corresponding
to the unitary transformation.

C. Expansion terms for the Bethe equations

Using the solutions of the momentum components, (.14) and (E17), in (f.§) gives

AESU(2)><SU(2) — (Cl)
N M N 2 2 M
A _(M—I—N)mk+8mk Z mj(1 + wg + wj)
2P, prt Wk Wk Z mj(l + 2wg) — mi(1 + 2wj)
n f: m;(my — mj))\’ B al nj(my — nj)N
o (1 2wp) (14 2w)) —dmyemy N =] (142w ) (14-2w; ) — dmy i X
X i M+N) R i (1 + wy, + w;)
2P £~ we \ = 7 (14 2wg) — g (1 + 2w;)
N ~ M
+Z (e — )N B m; (T, — mj)\
]:1 1+2wk 1—|—2w]) 4ﬁkﬁj)\/ =1 (1+2wk)(1+2wj)—4ﬁkmj)\’

Showing that this equals the expression given by diagonalization of the string Hamiltonian
in (B.14) is a little bit involved. Easiest way to do this is to resort to Mathematica or some
other computer program for algebraic manipulations.!! It is important to note though that
expressions only equal upon imposing ([£.4).

HEor people working with Mathematica, there is a very good package for quantum computations in [@]
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